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Abstract. We introduce the notion of L2-rigidity for von Neumann alge-
bras, a generalization of property (T) which can be viewed as an analogue
for the vanishing of 1-cohomology into the left regular representation of
a group. We show that L?-rigidity passes to normalizers and is satisfied
by nonamenable II; factors which are non-prime, have property I', or are
weakly rigid. As a consequence we obtain that if M is a free product of dif-
fuse von Neumann algebras, or if M = LI" where I is a finitely generated
group with /352)(1") > (, then any nonamenable regular subfactor of M is
prime and does not have properties I” or (T). In particular this gives a new
approach for showing solidity for a free group factor thus recovering a well
known recent result of N. Ozawa.

1. Introduction

In their pioneering work of the 80’s Connes and Jones ([C3], [CJ]) intro-
duced the notion of property (T) (or rigidity) for II; factors by requiring
that any sequence of subunital, subtracial completely positive maps which
converge pointwise in || - ||, to the identity also converge uniformly in || - ||
to the identity on (N);. This type of rigidity phenomenon (and it’s relative
version later introduced by Popa [P4]) has since led to the solution of many
old problems in von Neumann algebras and orbit equivalence ergodic the-
ory ([C2], [IPP], [P3], [P4], [P5]). In [Pe] it was shown that property (T) is
equivalent to a vanishing 1-cohomology type result for closable derivations
into arbitrary Hilbert bimodules. This equivalence is achieved in part by
using Sauvageot’s results ([S1], [S2], [CiS]) which state that there is a bi-
jective correspondence between densely defined real closable derivations
into Hilbert bimodules and semigroups of unital, tracial completely positive
maps.

For an inclusion of finite von Neumann algebras (N C M) one cannot
hope to obtain such a cohomological characterization of relative property (T)
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(even if N itself has property (T)) as there is no guarantee that a closed
derivation § on M is even densely defined on N much less inner. However
we will always have that the associated semigroup will converge uniformly
in || - ||2 to id on (N); and thus we may interpret this fact as saying that §
“vanishes” on N.

In this paper we will use the above techniques to investigate closable
derivations into the coarse correspondence L*(N) ® L*(N). We will say
that an inclusion of finite von Neumann algebra (B C N) is L*-rigid if
all derivations which arise in this way “vanish” in the above sense on
B, and we will say that a finite von Neumann algebra N is L>-rigid if
the inclusion (N C N) is L?-rigid, (see Definition 4.1 for the precise
definition). Derivations into the coarse correspondence appear naturally in
the context of Voiculescu’s nonmicrostates approach to free entropy [V],
and also play a central role in studying the first L2-Betti number of a von
Neumann algebra as introduced by Connes and Shlyakhtenko [CSh] (see
also [T]). This should be compared to the situation for groups where Bekka
and Valette [BV] have shown that for a finitely generated nonamenable
group the first L2-Betti number vanishes if and only if the first cohomology
group into the left regular representation vanishes.

We will show that given a nonamenable subfactor Q C N and a densely
defined real closable derivation from N into (L*(N) ® L*(N))®> then the
derivation must “vanish” on Q' N\ N. Furthermore we will show that from the
mixing property of the coarse correspondence that if Q" N N is diffuse then
we further have that the derivation “vanishes” on W*(Ny(Q’ N N)). Taking
a free ultrafilter w, and using a slight modification of the above arguments
using N we will also show that if N is a nonamenable factor which
has property I" of Murray and von Neumann [MvN] then any derivation
as above must “vanish” on N. Recall that a II; factor N is non-prime if
N = Q ® B where both Q and B are infinite dimensional. The main result
is the following:

Theorem 1.1 Let N be a Il factor which is non-prime or has property I,
then N is L*-rigid.

The above theorem shows that L2-rigidity is a very weak rigidity type
phenomenon (for instance R ® LI, is L’-rigid even though it has
Haagerup’s compact approximation property [H1]). On the other hand we
will see that if N is a free product of diffuse finite von Neumann algebras
orif N = LI" where I' is a finitely generated group with ﬂfz)(F ) >0, then
N is not L2-rigid.

In [P1] Popa showed that for the uncountable free groups, their group
factors are prime. Using techniques from Voiculescu’s free probability this
was shown by Ge to also be the case for countable free groups [Ge]. This
was generalized to all free products of diffuse finite von Neumann algebras
which embed into R“ by Jung [J].

Recall that if M is a finite von Neumann algebra, then a subalgebra
B C M is said to be regular in M if the set of unitaries u € U(M) which
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satisfy uBu* = B generates M as a von Neumann algebra. From the above
remarks we have the following:

Theorem 1.2 Let M be a free product of diffuse finite von Neumann alge-
bras or M = LI" where I' is a finitely generated group with /3;2)(1") > 0,
then any regular nonamenable subfactor of M is prime and does not have
properties I or (T).

Using techniques from C*-algebra theory Ozawa was able to show not
just that the free group factors are prime but that in fact they are solid [O1],
i.e. the commutant of any diffuse subalgebra is amenable. As an application
of Theorem 1.1 we obtain a new approach to Ozawa’s result using the fact
that the free groups have the “L2-Haagerup property”, i.e. there exist proper
cocycles into direct sums of the left regular representation.

Theorem 1.3 Let I" be a countable discrete group such that there exists
a proper cocycle b : I' — (£21)®>, (for example I' =TF,, 2 < n < 00).
Then LI is solid.

It should be noted that although the above result gives a new proof
of Ozawa’s theorem for the case of the free groups, it is a quite different
approach than in [O1]. Indeed, we use the fact that I" has Haagerup’s
property in a crucial way. Whereas in [O1] the above is shown for all
hyperbolic groups, many of which have property (T). We also note that
S. Popa in [P6] has recently given another proof of Ozawa’s theorem for
specific case of the free group factors.

In Sect. 5 we investigate derivations which naturally appear in free prod-
ucts of von Neumann algebras. These derivations give rise to deformations
by free products of multiples of the identity, thus we may extend the Kurosh
type theorem in [IPP, Theorem 0.1] to include many von Neumann subalge-
bras which do not have relative property (T). The first Kurosh type theorem
in von Neumann algebras was obtained by Ozawa [O2] using C*-algebra
theory.

Theorem 1.4 Let My and M, be finite factors and let M = M, * M,.
If Q C M is a subfactor such that Q' N M is a nonamenable factor, or if
Q C M is a nonamenable subfactor with property I' and Q' N\ M is a factor,
then there exists i € {1,2} and a unitary operator u € U(M) such that
l/tQI/ﬁ< - Mi.

In Sect. 6 we consider the case of a tensor product of II; factors
M=M ® ---® M,, such that each M, has a derivation into it’s coarse
correspondence which does not “vanish”. We show that if Q is a regular
nonamenable subfactor then there exists a corner of Q' N M which embeds
into M for some i < n, where M. is the von Neumann subalgebra obtained
by replacing M; with C in the above tensor product. Ozawa and Popa [OP]
gave examples of tensor products of von Neumann algebras which have
unique prime factorization. Using the conjugacy results in [OP] we are able
to give new examples of this type.
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Theorem 1.5 Let M; be nonamenable 11, factors 1 < i < m, such that
each M; is a non-trivial free product or LI for some finitely generated group
I with /3%2)(1") >0, assume N| @ - Q@ N, =M, ® --- @ M,,, for some
prime 11, factors Ny, ..., Ny, then n = m and there exist t|, t>, ..., t, >0
with tit, ---t,, = 1 such that after permutation of indices and unitary
conjugacy we have N* = My, Yk < m.
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2. Preliminaries and notation

Suppose N is a finite von Neumann algebra with normal faithful trace t,
D(6) C N is aweakly dense x-subalgebra, #¢ is an N—N Hilbert bimodule,
and § : D(8) — # is a derivation (6(xy) = x6(y) + §(x)y, Vx, y € D($)),
which is closable (as an unbounded operator from L2(N, 1) to #), and real
((8(x), ¥8(2)) = (8(z")y*, 8(x™)), Vx, y, z € D(9)).

It follows from [S1] and [DL] that D(§) N N is a *-subalgebra of N
and 4|y ny 1s again a derivation. Let A = §%3, then A is the generator
of a completely Dirichlet form [S1]. By a deformation on a von Neumann
algebra we mean a net of completely positive maps which converge to the
identity pointwise in || - ||,. Associated to A are two natural deformations
of N, the first is the completely positive semigroup (completely Markovian
semigroup) {¢,;},~0, each ¢, = exp (—tA) is a c.p. map which is unital
(¢:(1) = 1), tracial (tr o ¢, = 1), and positive (t(¢;(x)x*) > 0, Vx € N),
moreover the semigroup property is satisfied (¢, = @, o ¢y, Vs, t > 0),
andVx € N, ||[x—¢;(x)]|, — 0, ast — 0. The second deformation associated
to A is the deformation coming from resolvent maps {1,}s~0, again each
Ne = a(o + A)~!is a unital, tracial, positive, c.p. map such that Vx € N,
lx — 1o (x)[[2 — 0, as @ — oo, furthermore By, — ang = (B — a)ny o ng,
Yo, > 0.

The relationship between these maps are as follows and can be found
for example in [MR]:

.1 1 . ) )
A =lim —(id - ¢) = a(n,' —id) = lim a(id - n,),
¢, = exp(—14) = lim exp(—ta(id — 1)),

o0
Ny = a(a+ A)' = ocf e .t
0
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Note that we will use the same symbols A, ¢,, and n, for the maps
on N as well as the corresponding extensions to L?(N, 7). Also note that
N, maps into the domain of A and A o 5, = a(id — n,). Furthermore we
have that Range(1,) = D(A) C D(3), D(A?) = D(3) = Range(n!/?) and
Vx € D), | AT (x)[l2 = 180 .

If B C N is a von Neumann subalgebra we will say that a deformation
{@,}, converges uniformly on (B); if Ve > 0, Jip such that Vi > 1y, b € (B);
we have that ||b — @,(b) |, < e.

Lemma 2.1 Let (N, t) be a finite von Neumann algebra, B C N a von
Neumann subalgebra, and {¢,};, {n.}o deformations as above. The deform-
ation {ny}e converges uniformly on (B); as « — o0 if and only if the
deformation {¢,}, converges uniformly on (B); ast — 0.

Proof. Since 0 < ¢, < id, V+ > 0 we have that Vx € N, t —
((x — ¢;(x))x™) is a non-negative valued function, also since

T((x = s (O)X™) = 7((x — B (x0))x™)
+ T((P12(x) — Py (Bry2(X))) 2 (X))
> 7((x — ¢y (x)x"),

we have that r — t((x — ¢,(x))x*) decreases to 0 as r — 0. Hence
if {¢,}; does not converge uniformly on (B); as t — 0 then 3¢y > 0 such
that V¢ > 0, 3x, € (B)i, such that 7((x; — ¢;(x;))x;) > co. Therefore
(X, —n1y(xX))X;) = Ooo e t((x; — Qs (X)) X[ )ds = floo e *cods = coe!,
thus {n,}, does not converge uniformly on (B); as ¢ — ©o0.

Conversely if {¢,}; does converge uniformly on (B); as t — 0, then
Vx € (B); we have ||x — ne(x)]2 < fooo e’ |lx — ¢s/a(x)|[2ds and since
lx — (%) < 2,Vx € (B)1,t > 0 it follows that {n,}, also converges

uniformly on (B); as ¢ — 00.

Finally we mention that A? also generates a completely Dirichlet form
as is shown in [S3] by the formula: A2 =7 ~! [*+71/2(id — n,)d.

Example 2.2 Suppose I is a countable discrete group, 7 : I' — O(K)
is an orthogonal representation, and b : I' — K is a 1-cocycle. Then
associated to this cocycle is a conditionally negative definite function v
given by Y (y) = ||b(y)||§, there is also a semigroup of positive definite
functions {¢,}, given by ¢,(y) = ¢ ¥, and the set of positive definite
resolvents {xq}o given by xo(y) = a/(a + ¥ ().

Let # = K ®g L*(LI") and equip # with the LI" bimodule structure
which satisfies u, (§ ® &) = 7()& @ u,,&" and (£ ® §Nu, = £ ® &'u,,
Vyel,Ee #, & e L*>(LIN). Let §, : CI' — # be the derivation which
satisfies 85 (u,) = b(y) ® u,,, Yy € I', then §,, is a real closable derivation
and so as described above we can associate with §, the c.c.n. map A along
with the deformations {¢;}, and {n,}. It can be easily checked that we have
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the following relationships:

A(uy) =y (Vu,, Vy €T,
(pt(uy) = (Pz(V)My, Vyel,t>0,
Na(uy) = xa(Vu,, Vyel,a>0.

Note that in this case we have that if A < I" then the derivation 8¢ 4
is inner if and only if the cocycle b, is inner if and only if the deformation
{n4}« converges uniformly on (L A);. Note also that if K is the left regular
representation of I” then # is the coarse correspondence for L.

Example 2.3 Suppose (M, t1) and (M,, 1) are finite diffuse von Neumann
algebras, and let (M, 1) = (M| * M, 11 x Tp). If we let §; : My x71; My —
L*(M) ® L*(M) be the unique derivation which satisfies §;(x) = x ® 1 —
1 ® x, Vx € M; and §;(y) = 0, Vy € M; where j # i. Then it is easy
to check that §; defines a closable real derivation and a simple calculation
(see for example Corollary 4.2 and the following remark in [Pe]) shows
that the associated semigroups of c.p. maps are given by ¢! = (¢7id +
(1 —e 2)71) %id, and q’)f = id* (e >*id 4 (1 — e~2%)7). In particular we have
that {¢] }, does not converge uniformly on (M) as s — 0.

3. Approximation properties

Throughout this section § will be a real closable derivation on a finite von
Neumann algebra (N, 1), A = §*8 the corresponding generator of a com-
pletely Dirichlet form, and also {1}, and {¢,}; will be the deformations
described above.

In the following sections it will be necessary to consider various norms
on a finite von Neumann algebra. Specifically the uniform norm, L'-norm
and L?-norm will all play a role. We will also be considering norms on
various Hilbert spaces as well. In an effort to eliminate confusion we will
use the notation | - ||; to denote the L'-norm on a von Neumann algebra,
| - || will denote the uniform norm on a von Neumann algebra, while || - ||,
will denote both the L2-norm on a von Neumann algebra as well as the
Hilbert space norm on a Hilbert space. The reason we have chosen this
convention is because the L2-norm on a finite von Neumann algebra (N, 1)
is a pre-Hilbert space norm, and the completion of N with respect to the
L?-norm gives rise to the Hilbert N—N bimodule L?(N, 7). As we will focus
mostly on the coarse bimodule L>(N) ® L*(N), the Hilbert space norm
we will mostly be interested in will be the L?-norm coming from N ® N.

Lemma 3.1 If x,y,xy € D(4), then ||A(x)y + xA(y) — AQxy)lh =
218G N2 118 2.

Proof. ¥z € D(8) such that ||z]| < 1 we have
[T(A)yz + xA(y)z — A(xy)2)|
= [(8(x), 8(z"y™)) + (8(y), 8(x"2")) — (8(xy), 8(z))]
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= [{8(x), 8(z"y") + (8(y), 8(x*27)) — (x8(y) + 8(x)y, 6(z)]
= [{8(x), 2°8(y")) + (8(y), 8(x™)z")]
< 18 211278y l2 + 18D 218G 2" (2 < 2118 1218 Il2-

As D(d) is weakly dense the result follows by applying Kaplansky’s
theorem.
Lemma 3.2 Let {ny}, be the deformation described above Va > 0, nl/? =
12

_ 172 -
o S a4 edt, also (id — o) = 71 [ 5 (1 — i1

Proof. Ya > 0, t > 0 we have:

No(t + 1) = na((t(e + A) + @) (@ + A)~) !
-1 —1
— %na(a—i-A) <“(1t+ i +A) == <“(1t+ ) —I—A)

1
m%(w:)/;-

12

Hence n}/> = 7~" [5 1712, (t + no) 'dt =1 [[°1 oy Nai 40 1dt.
The formula for (id — n,)'/? is shown similarly.

Since the range of !/? is the same as the domain of § we may take the
composition § o nl/? to obtain a bounded operator from L*(N, ) to #
whose norm is no more than (2«)'/2. In fact «flx — 770,(x)||2 < |6 o

1> = at((x — 7,())x*) < allx — na(¥)ll2, ¥x € N. It will be
convenient therefore to use the following notation, we will let &, = nl/2,
and we will let §, = a~1/28 o Cy- The next lemma shows that 5, is almost
a derivation and will be a key lemma used throughout this paper. We note
that in the following estimate the term 8,(a) will be uniformly small for
a € F and thus we may omit this term from the inequality. We have chosen
to keep this term however in order to emphasize the fact that §,, is almost
a derivation.

Lemma 3.3 Using the same notation as above if F C (N)y, such that
{na}a converges uniformly on F (F possibly infinite), then Ve > 0, o > 0,
such that Ya > ag we have that ||8 (ax) — &, (@), (x) — 8, (a)¢y ()c)||2 <e
and [[8,(xa) — §o(x)¢a(@) — £o(0)3u(@)[3 < & Va € F, x € (N);.

Proof. We will prove the lemma in two parts. First we show that the
vectors 8y (ax) and ¢, (a)dy(x) + 84(a)¢y(x) have approximately the same
size, and then we show that the vectors have large inner product. The
main difficulty is that we may not apply the product rule to a vector of
the form o~ '/?8 o ¢,(ax) and thus in order to estimate the size on an
inner product we must translate the expression to terms 1nV01V1ng A? and
then use Lemmas 3.1 and 3.2 to estimate these expressions. Note that
by [S3], A? again generates a completely positive semigroup and hence
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is of the form 8350 for some closable derivation &, thus we may apply
Lemma 3.1. However some care is involved here as Lemma 3.1 only gives
an estimate in || - ||; and thus we must make sure that when we apply
Lemma 3.1 the term we are taking the inner product with is bounded in
uniform norm.

Thus each of the parts above separates into three steps. The first step
we use the properties of the derivation to set up the || - ||; estimate from
Lemma 3.1, the second step we translate to terms involving A? and use
Lemma 3.1, and the third step we use Lemma 3.2 and then translate back
into terms with the derivation to finish the estimate.

Let F C (N); be given as above and let ¢ > 0. It follows from
Lemma 3.2 and Sect. 1.1.2 of [P4] that oy > 0 such that Vo > o we have
la = na(@)ll2 < (£/64)*, IIa - Ca(a)llz < /100, and [la(id — ng)"/*(x) —

(id — 1g) ' (ax) |l < 7! ]+,”a77ta/(l+t)(x) — Na/(+n(@x)|l2 < €/100,
Ya € F, x € (N);. Then by using the product rule for the derivation we
have

|l M 18(2a (@) N5 — o™ (8(8u (X)), 8(La (@) Eal@) o ()))]
< 8l13. (@2 < 8lla — nu(@y* < e/8. (1)

By Lemma 3.1 we have

(A% 0 Lo (1), A} (0@ L (@0 ()
— a7 1(A% 0 £,(0), L@ (@AY 0 £, ()
<2072 A% (4u(@) (@8 () — Lu(@) (@ A? 0 L),
<207 2| AF (@) (@) || + 44| AT (@) (@) ],
< 4lla — na@ Iy + 8lla — na(@ly* < e/4. 2)
Also from the assumptions above we have
Mea@a? o a3 = 42 0 cu@o)]}]

< 4072 ¢ (@) A% 0 £o(x) — AT 0 Lu(a)],
< 81154(a) — alla + 4]alid — ) *(x) — (id — 1) (@0, < &/8. (3)

S

Hence by combining (1), (2), and (3) we have shown

|||OF]/sz(é“a(CI)s“a(X))||2 I18a(ax) 15| < €/2. “

Similarly by using the product rule we obtain that

|6 (8(2a (@) 20 (1)), 8(La(ax))) — & (8(2u (X)), (Lo (a*)a(ax)))|
< 418, (@) 2 < 4lla — na@|y* < e/16.  (5)
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Again by Lemma 3.1 we have

(A% 0 L, (), A (o (@) Ea(ax)))
— a7 (A% 0 (%), Cul@) AT o Ly(an))]
< 2072 A% (Lu(a) g0 (@x)) — La(@®) AT o Ly(ax)]|,
<2072 A% o ¢ (@) g (@n) || + 4oV A% 0 Lu(a) ],
<2lla — ne@Iy* + 4lla — na(@ |, < /8. (6)

Also from the assumptions above we have

o (L@ A% 0 4 (x), AT 0 Ly(ax)) — a | AT o Lu(an)|3]
< 4)1¢4(@) — alla + 2] alid — 7)) — (id — 1) (@0)], < £/16.
(7)

Thus using (5), (6), and (7) we have

l{or™28(¢u (@) 2a (%)), Su(@x)) — [18a(@x)|l5| < &/4. ®)
Hence by (4) and (8) we have that

186 (ax) — Zo(@)8e () — 8o (@) 2o ()13
= [[8uax) — &5t (@ ()
= 118a(@0) 13 — 29 28(2a (@) (1)), 8a(an)) + [ 28(Lu(@ () |5
< (1182 (@) 13 = [ 28(sa(@a()) 3]
+2|{a?8(4u (@) 8a (X)), 8ulax)) — I8u(ax)[13] < &.

The estimate for ||§,(xa) — 8,(x)¢u(a) — u(x)8,(a)]|? < & follows
by applying the x-operation and using the fact that § is a real deriva-
tion.

4. L’-rigidity

Definition 4.1 Ler N be a finite von Neumann algebra with trace t, if M
is a finite von Neumann algebra with trace v’ such that N C M, t'|y = 1,
and 8 is a densely defined real closable derivation on M into (L>*(M, 7') ®
L*(M, ©'))® then we say that the associated deformation {1y} is an
L?-deformation for N.

If B C N is a von Neumann subalgebra, the inclusion (B C N) is
L?-rigid (or B is an L*-rigid subalgebra of N) if any L?-deformation for N
converges uniformly on (B),. We will say that N is L*-rigid if the inclusion
(N C N) is L*-rigid.
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Remark 4.2 1. It follows trivially that if (B C N) is a rigid inclusion in
the sense of [P4] then (B C N) is L>-rigid, in particular L>-rigidity is
weaker then property (T).

2. By the definition it follows that if M is a finite von Neumann algebra with
normal faithful trace r and B C N C M are von Neumann subalgebras,
then (B C M) is L?-rigid if (B C N) is L?-rigid.

3. If I" is a discrete group such that H'(I', ¢*I") # {0} then from Ex-
ample 2.2 in Sect. 2 we have that LI is not L?-rigid. Also if (M, 7))
and (M,, 1) are finite diffuse von Neumann algebras then from Ex-
ample 2.3 in Sect. 2 we have that (M, * M;, T| * 1) is not Lz—rigid.

4. If I' is a countable discrete group which has a proper cocycle b : I’ —
(£2I")®>® (for instance I" = F,, 1 < n < o0o) then LI has no diffuse
L?-rigid von Neumann subalgebra. Indeed if {n,}, is the associated
deformation then n, € K (L?(LI")), Ya > 0 and thus if B C LI’
is a von Neumann subalgebra such that Ve > 0, Jop > O such that
Ya > oy, x € By we have ||[x — ny,(x)||2 < € then we must have that B
is completely atomic (see for example Theorem 5.4 in [P4]).

Suppose I = I x I, where I7 is infinite and I is nonamenable,
let us now sketch a simple proof that H'(I", ¢2I") = {0} (see also Corol-
lary 10 in [BV]). Suppose b : I" — ¢?I" is a 1-cocycle, as I, is non-
amenable ¢2I" does not weakly contain the trivial representation for I
(see [MV]), hence 3K > 0, y,...,y, € I» such that V& e ¢°I,
1€, < KY | IA(y))§ — &ll2. In particular we have that Vy € I7,
162 < K 370, IAp)b(r) =b) 2 = K 321 10Dy —b(y)ll2 <
2K Y7, 1b(y) |2 Thus we have shown that b, is bounded and hence we
may subtract from b an inner cocycle and assume that b, = 0. Therefore
we have that Vy € I, b(y) is a I'j-invariant vector, and since [ is infinite
we must then have that b(y) = 0. Thus we have shown that b = 0.

In Theorems 4.3 and 4.5 we will use the same idea as above to show that
if N = Q ® Bisall; factor where Q is nonamenable and B is diffuse (has
no minimal projections) then N must be L?-rigid. Note that given a closable
derivation 6 on N there is no reason to expect that Q or B is contained in
the domain of é, thus it is necessary to use &, which is everywhere defined
and by Lemma 3.3 is almost a derivation. To obtain the final result we
will then apply Connes’ characterization of amenability [C1] which states
that a factor is amenable if || Zle uj @min U7)°?|| = n, for all unitaries
uy, ..., u, (we will use Lemma 2.2 in [H2] for the non-factor case).

Given a free ultrafilter w, and a unital, tracial, c.p. map ¢ on a finite
von Neumann algebra (N, t) we may extend ¢ to a unital, tracial, c.p. map
on N by setting ¢(x) = (¢(x,)), if x = (x,),. If {¢,}, is a deformation
on N which does not converge uniformly on (N); then the extension to N¢
does not converge pointwise in | - ||; to id. We will show however in the
next theorem that if Q is a nonamenable subfactor then not only does an
L?-deformation converge pointwise but it actually converges uniformly to
id on (Q' N N®);.
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Theorem 4.3 Suppose (N, 1) is a finite von Neumann algebra with normal
faithful trace © and {1y} is an L*-deformation for N. If Q C N is a sub-
algebra with no non-zero amenable summands and o is a free ultrafilter
then {ny}o converges uniformly on (Q' N N®), as a — oo. In particular the
inclusion (Q' NN C N) is L*-rigid.

Proof. Take (N, 1) C (M, v') and let 5, : M — M be an L>-deformation.
By a simple maximality argument there exists g € #(Z(Q)) the maximal
projection for which the deformation 7, converges uniformly on (Bg);
where B = Q' N N®. We will show that Q(1 — g) is amenable.

By Lemma 2.2 in [H2] to show that Q(1 — g) is amenable it is enough
to show that Vp € £(Z(Q)),0 < p <1 — g, we have

Op
n= H E U; ®m1n ,'

Note that as a Qp—Qp bimodule (L>(M) ® L*(M))®* is just a direct sum
of coarse correspondences and so the representations of Op and Qp°? on ¢
given by the left and right module structures induce the minimal tensor norm.

Let p € P(Z(Q)),0 < p <1 — g, by the maximality of ¢ we have
that 7, does not converge uniformly on (Bp);, hence 3¢ > 0 such that
Ya > 0, 3x, € (Bp); such that ||x, — 7o (xe) |2 > c.

Lete > 0, uy,...,u, € U(Qp). By Lemma 3.3 let oy > 0 such that
Vo = o, 1 =i < n,x € (N) wehave [|£o ()80 (x) o (u7) =8 (uixu;) |2 <
ce/2n.

Let x, = (x*); where ||x¥|| < 1, Vk € N then 3k = k() € N such that
luixgu; —xglls < ce/4n,¥1 < i < n,and (|8, (x> = [lxG—na(x 2 = c.

Therefore since ||Sa(uix§u;" — ) |l2 < 2|lu;xkui — x||» we have that

n<||8 H2 HZS uxu

= 8 (xe) I HZ%(M 56|,

, Yuy,...,u, € UQp).

< |32 ) ©un G
i=1

n
=< H Z U; min (u;_k)op
i=1
Since ¢ was arbitrary we have that n < || Y| #; Qumin (u7)°P|| and thus
QO(1 — g) is amenable.

Corollary 4.4 Let I" be a countable group and suppose there exists a proper
cocycle b : I' — £2(I")®*®, then L(I") is solid, i.e. if B C L(I") is dif-
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fuse then B’ L(I") is amenable. In particular all nonamenable subfactors
of L(I") are prime.

Proof. This follows directly from Theorem 4.3 and Remark 4.2.

We will now show that L’-rigidity passes to normalizers of diffuse
subalgebras.

Theorem 4.5 Suppose (N, 7) is a finite von Neumann algebra with normal
faithful trace T and {ny}4 is an L*-deformation for N. If w is a free ultrafilter
and B C N? is a diffuse von Neumann subalgebra such that {n,}, converges
uniformly on (B)1, then {ny,}, converges uniformly on W*(N N Nyo(B));.
In particular if B C N is a diffuse von Neumann subalgebra and (B C N)
is L?-rigid, then (W*(Ny(B)) C N) is also L?-rigid.

Proof. Let1 > ¢ > 0, using Lemma 3.3 oy > 0 such that Vo > «y,
x = (xy)n € By (with ||lx, || < 1),y € Ny we have lim,,, |10 (x2) — 25112 <
e/4, and lim,_,, [[¢4(x,)8, (y) + 8a (X0)Ea(¥) — Su(xyY)ll2 < &/4. Take
v e NN Nye(B)anda > «, then since B is diffuse, by the mixing property
of the coarse correspondence we have that Ju = (u,), € U(B) (Wlth u, €
U(N)) such that [|5,()ll2 < limye 160 (1n)80 (V)W uiv) — 5o ()2
Hence we have:

o= 12 ()13
< 1813
< Tim [15 ()80 (v) 8 (v 1150) = Sa (V)13

= nh_r)%(llga(un)HZ + ||Sa(un)§a(v) + ga(un)ga(v) - Sa(unv)HZ

+ 1182 U, 0) 2 + 1180 (12 0) S (v*150) + L 0)8a (V130) = 8o (V) [12)?
<&
as the maps 7, are tracial the result then follows by using the equivalence
between c.p. maps and Hilbert bimodules and a standard convexity argument
(see e.g. the proof of Theorem 4.2 in [P2], or the proof of Proposition 5.1
in [P4]).

Corollary 4.6 If N is a nonamenable I, factor which is non-prime or has
property I', then N is L*-rigid.

Proof. If N = Q ® B with Q a nonamenable factor then by Theorem 4.3
we have that (B C N) is L?-rigid. If B is diffuse then by Theorem 4.5 we
then have that N is L2-rigid.

Also if N is a nonamenable factor then by Theorem 4.3 if w is a free
ultrafilter then any L?-deformation converges uniformly on (N'N\N®)y, if N
has property I" then N’ N N is diffuse and so from Theorem 4.5 we would
have that the L?-deformation converges uniformly on (N);.
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Corollary 4.7 Let N be a finite von Neumann algebra such that N is a free
product of diffuse finite von Neumann algebras or let N = LI" where I is
a countable group with H' (I, ¢2(I")) # {0}.

1. If B C N is a regular diffuse subalgebra then B’ N N has a non-zero
amenable summand.

2. Any nonamenable regular subfactor of N is prime and does not have
properties I or (T).

Proof. 1. If B"N N has no non-zero amenable summand then by The-
orem 4.3 we would have that (B C N) is L?-rigid, hence by The-
orem 4.5 we would have that N is L?-rigid and thus the result follows
from Remark 4.2.

2. By Corollary 4.6 and Theorem 4.5 if N has a regular subfactor which is
non-prime or has properties I" or (T) then N is L>-rigid and so as above
the result follows from Remark 4.2.

Note that if I" is finitely generated and nonamenable then by [BV]
H'(I, ¢*(I")) # {0} if and only if /352)(1“) > (. For nonamenable groups
which are not finitely generated it follows from a result of Gaboriau that if
H'(I, ¢2(I")) # {0} then ﬁiz)(f‘) > 0, however the reverse implication is
open [MV].

5. L’-rigid subalgebras in free product factors

Let (M;, 1), i = 1,2 be finite von Neumann algebras, denote M =
My % My. Let §; : My xp10 My — L*(M) ® L*(M) be the unique derivation
which satisfies §;(x) =x ® 1 — 1 ® x, Vx € M; and §;(y) = 0, Vy € M;
where j # i. Then as above we have that ¢! = (¢7id + (1 — e7*)7) *id,
and qbf, = id * (e~**id + (1 — e~ %)7) are the associated semigroups of c.p.
maps.

If Q is an L>-rigid subalgebra of M then we may interpret the fact that
the above deformations converge uniformly on (Q); as saying that Q has
“bounded word length”. Thus one would expect that a “corner of Q embeds
into either M, or M,” (see [P5, Theorem 2.1]). We will show in this section
that this is indeed the case, we do this by first showing that Q must be rigid
with respect to the deformations used in [IPP], then we may apply the word
reduction argument in [IPP] (Theorem 4.3) which gives the result.

Recall that if we let Jt’io = L*(M;) © C then we may decompose
L?(M; % M>) in the usual way as

LM xM)y=CoPp P HeH)o oK.
n>1 ije{1,2)

i1 #02,eensin—1 Fin
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Lemma 5.1 Let (M, t1), (M>, T2) be finite von Neumann algebras. As
in Sect. 2.2 of [IPP] denote M = M, x M>, M; = M; x L(Z), j = 1,2,
and M = M, * M, = M x L(F5). Let h; € L(IFy) be self-adjoint elements
such that u; = exp(mh ), where uy,u, € L(IF) are the canonical gen-
erators of L(IF,). Let u = exp(with;), and set 6, = Ad(u}) * Ad(u}) €
Aut(M), a one parameter group of automorphisms. Suppose Q C M is
a von Neumann subalgebra, then the deformation {6,}, converges uniformly
on (Q); as t — 0 if and only if the deformations {¢]}; converge uniformly
on(Q)rass —>0,j=1,2

Proof. Let &g > 0 such that r(u’) # 0,Vt < gy, j = 1,2. Let t < &,
it is then a simple exercise to Check that if fj(t) = —log(lr(u’ )|) then
(6, (x)x*) = r(qbf o (x)x*), Vx € M;. In fact using the direct sum decom-
position above one sees that if x = x;x;---x,, where i; € {1,2}, j < n,
i1 #igyoon,ip_y #Flg,and x; € Jf,j, Vj < n. Then in fact we have that

2O,(0x) = T(B,(e)x7) - 7(BhCx) )
= 7(85, (D7) - T(Bf () (n)x) = T(8f,) © B9 (037)-

Moreover since both of the maps 6;,, and oy () © &> %) take orthogonal
vectors to orthogonal vectors we have that

T(6,(0)x*) = (¢}, © DF,p()XF),  Vx € M.

Since [}, ) © ¢, (X — xll2 = 8], (¥) —xlo, Vx € M, j = 1,2,
and since f;j(1) — 0, j = 1,2 as t — O the result follows easily.

Corollary 5.2 Let M, and M, be separable Il| factors, and let M =
M, % M>. If (Q C M) is L?-rigid with Q diffuse then there exists a unique
pair of projections qi, g» € Q"N M such that g, +q> = 1, and u;(Qq;)u; C
M; for some unitaries u; € U(M), i = 1, 2. Moreover, these projections lie
in the center of Q' N M.

Proof. Suppose (Q C M) is L?-rigid, then by definition we have that the
deformations {¢?!},, converge uniformly to id on (Q); as s — 0, hence
by Lemma 5.1 the deformation {6}, also converges uniformly on (Q),
as t — 0. A check of Theorem 4.3 in [IPP] shows that these are the
only two facts used from the rigid inclusion. Thus the result follows from
Theorems 4.3 and 5.1 in [IPP].

6. Unique prime factorization and non-L>-rigid factors
In this section we will adapt Theorems 4.3 and 4.5 and use Popa’s inter-

twining technique along with the results in [OP] in order to show that if
M; are 11, factors which have derivations into L>(M;) ® L*(M;) which do
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not “vanish” then the tensor product has unique prime factorization (up to
amplification and unitary conjugation of the factors). In order to satisfy the
conditions of Popa’s intertwining criteria (Theorem 2.1 in [P5]) it will be ne-
cessary to assume that the derivation is actually densely defined on M;. This
is a formally stronger condition then the negation of L2-rigidity, however
note that both Examples 2.2 and 2.3 in Sect. 2 satisfy this condition.

For the following theorem if M = M, @M, ® - ® M, then we will
denote by M; the resulting von Neumann subalgebra obtamed by replacing
M; withCl sothat M = M; ® M,,

Theorem 6.1 Let M; be nonamenable 1I; factors 1 < i < m, suppose
that each M; has a densely defined real closable derivation into (L*(M;) ®
L*(M;))®>® such that the associated L>-deformation does not converge
uniformly on (M;);. Let M = M, @ M, ® --- ® M,,. Assume that B C M
is a regular type II, factor such that B' N M is a nonamenable subfactor.
Then 3k € {1,...,m}, t > 0 and a unitary element u € U(M) such that
uBu* C (M) @C C (My)' ® (My)'' = M. If in addition we have that the
L?-deformations above may all be taken compact then the same conclusion
follows if we drop the hypothesis that B is regular.

Proof. Let &) : M; — (L*(M;) ® L*(M;))®> be a densely defined clos-
able real derivation such that the corresponding deformation {»’,} does not
converge uniformly on (M;),. Then we may embed (L?>(M;) @ L*(M;))®>®
into #; = (L>(M) @, I L?(M))®> in the natural way as M;—M; Hilbert
bimodules and we then may extend &) to a densely defined closable real
derivation 8 on M by setting §'(x) = 0, Vx € M We denote by {na}
the correspondmg deformations on M, so that f, = 7', ® id, also let
i =¢l @id= )

We will proceed as in Theorem 4.3 to show that if each {f} does
not converge uniformly on (B); then we must have that Q = B’ N M is
amenable. Indeed if this is the case then 3¢ > 0, such that Vo > 0, i < m,
3x!, € (B); such that ||x!, — A’ (x))|l, > c. Lete > 0, uy, ..., u, € U(Q).
By Lemma 3.3 let o > 0 such that Va > «g, x € (B)l, 1 <i < n wehave
180 (1), (X)Ca(u*) 5 (u xui)ll2 < c"e/2nm and I1EE ()L (u) — x]12 <
c"e/4nm, where ;‘a = ; o---o0 ¢ and §’ is obtained by omitting ¢/
from ¢,.

Let yHy = Hy @y Ho Qu -+ @y Hy, and note that J may be
embedded into ~(L2(M ) ® L*(M))®>* as M—M Hilbert bimodules. Let &, =
slacy®- - ®8™(x™) € H then we have that ||&, [, > ¢™ and following the
same proof as in Theorem 4.3 we have thatn < || >, u; Qumin (u})°P|| +&.
Since ¢ was arbitrary we have that Q is amenable.

Therefore if B’ N M is a nonamenable factor then we have shown that
Jk < m such that the deformation {ﬁ];} converges uniformly on (B);. Next
we show that if this is the case then we have that a corner of B embeds into
M; inside of M, i.e. there exists a non-zero projection f in B’ N (M, e,
of finite trace Tr = T FM.e,)-
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If we do not have that a corner of B embeds into Mk inside of M then

by Corollary 2.3 of [P5] there exists a sequence of unitaries {u,}, C U(B)
N

such that Vx € M, ||EMk(xu,,)||2 — 0, as n — o0. Since Caiit, = id we

have that Vx € M, ||EMk(x$§(u,,))||2 — 0, as n — 00, and since Mk is

regular in M this implies ||EMk(x$§(u,,)y)||2 — 0,asn — oo, Vx,y € M.
In particular this shows that Yv € Ny (B), Ju € U(B) such that

|k a8k wruv) = S, = S|, ©)

On the other hand since B is regular and since {n’;}a does not converge
uniformly on (M), 3¢o > 0 such that Yo > 0, Jv, € Ny (B) such that
||8f§(va)||2 > vy — n’é(va)llz > ¢o. By Lemma 3.3 Ve > 0, g > 0 such

that Vo > «g, u € U(B) we have that

| ek @8 wa gk Wi ve) — B (wa) |, < e.

Thus for ¢ < ¢y we have

|25 )85 (va) gk (Vi va) — S(va) |, < |85 (va) |

for each u € U(B), which contradicts (9).

If B is not regular but each deformation is compact then we may apply
the proof of Theorem 6.2 in [P4] to show that a corner of B embeds into M
inside of M in this case also.

Thus in either case since B’ N M is a factor we may then apply Prop-
osition 12 in [OP] to obtain the result.

29

As a consequence of the previous theorem, we obtain from [OP] the
following unique prime factorization result.

Corollary 6.2 Let M; be nonamenable Il factors 1 < i < m, suppose
that each M; has a densely defined real closable derivation into (L*(M;) ®
L*(M;))®>® such that the associated L>-deformation does not converge
uniformly on (M;);. Assume N| @ --- Q N, = M| @ --- ® M,,, for some
prime Il factors Ny, ..., N,, then n = m and there exist t|, t, ..., t, >0
with tit, ---t,, = 1 such that after permutation of indices and unitary
conjugacy we have N* = My, Yk < m.

References

[BV]  Bekka, M.E.B., Valette, A.: Group cohomology, harmonic functions and the first
L2-Betti number. Potential Anal. 6, 313-326 (1997)

[CiS]  Cipriani, F., Sauvageot, J.-L.: Derivations as square roots of Dirichlet forms.
J. Funct. Anal. 201, 78-120 (2003)

[C1] Connes, A.: Classification of injective factors. Ann. Math. 104, 73115 (1976)

[C2] Connes, A.: A type II; factor with countable fundamental group. J. Oper. Theory
4, 151-153 (1980)

[C3] Connes, A.: Classification des facteurs. Proc. Symp. Pure Math. 38, 43—109 (1982)



L2-rigidity in von Neumann algebras 433

[CJ]
[CSh]
[DL]
[Ge]
[H1]
[H2]
[IPP]
]
[MR]
[MV]
[MVN]

[O1]
[02]

[OP]
[Pe]
(P1]

(P2]
(P3]

(P4]
[P5]
[P6]

[S1]

[S2]

[S3]
[T]

(V]

Connes, A., Jones, V.ER.: Property (T) for von Neumann algebras. Bull. Lond.
Math. Soc. 17, 57-62 (1985)

Connes, A., Shlyakhtenko, D.: L?-homology for von Neumann algebras. J. Reine
Angew. Math. 586, 125-168 (2005)

Davies, E.B., Lindsay, J.M.: Non-commutative symmetric Markov semigroups.
Math. Z. 210, 379-411 (1992)

Ge, L.: Applications of free entropy to finite von Neumann algebras. II. Ann.
Math. (2) 147(1), 143-157 (1998)

Haagerup, U.: An example of a nonnuclear C*-algebra, which has the metric
approximation property. Invent. Math. 50, 279-293 (1979)

Haagerup, U.: Injectivity and Decomposition of Completely Bounded Maps. Lect.
Notes Math., vol. 1132, pp. 170-222. Springer, Berlin (1985)

Ioana, A., Peterson, J., Popa, S.: Amalgamated free products of w-rigid factors and
calculation of their symmetry groups. Acta Math. 200(1), 85-153 (2008)

Jung, K.: Strongly 1-bounded von Neumann algebras. Geom. Funct. Anal. 17(4),
1180-1200 (2007)

Ma, Z.-M., Rockner, M.: Introduction to the Theory of (Non-Symmetric) Dirichlet
Forms. Universitext. Springer, Berlin (1992)

Martin, F., Valette, A.: On the first L”-cohomology of discrete groups. Groups
Geom. Dyn. 1(1), 81-100 (2007)

Murray, EJ., von Neumann, J.: On rings of operators IV. Ann. Math. (2) 44, 716—
808 (1943)

Ozawa, N.: Solid von Neumann algebras. Acta Math. 192(1), 111-117 (2004)
Ozawa, N.: A Kurosh type theorem for type II; factors. Int. Math. Res. Not., Art.
ID 97560, 21 pp. (2006)

Ozawa, N., Popa, S.: Some prime factorization results for II; factors. Invent. Math.
156, 223-234 (2004)

Peterson, J.: A 1-cohomology characterization of property (T) in von Neumann
algebras. Preprint (2004). math.0OA/0409527

Popa, S.: Orthogonal pairs of x-subalgebras in finite von Neumann algebras. J. Oper.
Theory 9(2), 253-268 (1983)

Popa, S.: Correspondences. INCREST Preprint (1986). unpublished

Popa, S.: Some rigidity results for non-commutative Bernoulli shifts. J. Funct.
Anal. 230(2), 273-328 (2006)

Popa, S.: On aclass of type II; factors with Betti numbers invariants. Ann. Math. (2)
163(3), 809-899 (2006)

Popa, S.: Strong rigidity of II; factors arising from malleable actions of w-rigid
groups I, II. Invent. Math. 165(2), 369408, 409—451 (2006)

Popa, S.: On Ozawa’s property for free group factors. Int. Math. Res. Not., 11, Art.
ID rnm036, 10 pp. (2007)

Sauvageot, J.-L.: Tangent bimodules and locality for dissipative operators on
C*-algebras. In: Quantum Probability and Applications, IV. Lect. Notes Math.,
vol. 1396, pp. 322-338. Springer, Berlin (1989)

Sauvageot, J.-L.: Quantum Dirichlet forms, differential calculus and semigroups.
In: Quantum Probability and Applications, V. Lect. Notes Math., vol. 1442,
pp. 334-346. Springer, Berlin (1990)

Sauvageot, J.-L.: Strong Feller semigroups on C*-algebras. J. Oper. Theory 42,
83-102 (1999)

Thom, A.: L?-cohomology for von Neumann algebras. Geom. Funct. Anal. 18,
251-270 (2008)

Voiculescu, D.: The analogues of entropy and of Fisher’s information measure in
free probability theory, V. Invent. Math. 132, 189-227 (1998)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


